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Abtract. A modified third order Runge-Kutta method for solving initial value problems of 
the form y’ = f(z, y) is presented. A formula is constructed by using an averaging of the 
functional values of the form (GM)2/AM, where GM is the geometric mean averaging and AM 
is the arithmetic mean averaging. The technique was numerically tested, and the result shows 
a smaller error than the new method of [1] and [2], where they employed the geometric mean 
(GM) averaging only. 
1. I~TR0Duc-f10N 
In [II, 131 and [4l, ti was shown that a third order Runge-Kutta rule of the form 
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(1.1) 
where 
h = f(GItYn) = f 
k2 = f(tn + Ulh, yn + ha1E) (1.2) 
k3 = f(% + (a2 + ‘23)h yn + f‘(a2h + 03k2)) 
is possible, and a third order accuracy is obtained through an adjustment of the parameters 
01, a2 and as. In [l] and [2], a new third order formula of the form 
Yn+l =Y,+s(dm+dGq, (1.3) 
was derived by replacing the arithmetic mean (AM) averaging of the functional values in 
(1.1) by the geometric mean (GM) averaging. The highest accuracy in (1.3) is obtained 
upon an adjustment of the parameters CI~, 1 5 i 5 3, where using the REDUCE symbolic 
program, they found that 
2 1 7 
01 = -, a2 = 
3 
--, a3 = - 
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2. A MODIFIED FORMULA 
It might seem reasonable to replace the arithmetic mean (AM) averaging in (1.1) or the 
geometric mean (GM) averaging in (1.3) by the ratio (GM)‘/AM, hence we establish the 
formula 
or equivalently 
Yn+l 
=Y~+;[$Jqg;)]. 
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An adjustment of the parameters al, a2 and as is essential to obtain a third order accuracy 
in (2.1). For this purpose we follow [l] and [2], w h ere they considered f as a function of y 
only to simplify the algebra computations. Accordingly, the Taylor series expansions of kr, 
k2 and k3 are 
ki = f(~n) = f, (2.2) 
k2 = f(yn f halhI 
122 
= f + halA + -h alB + O(h3), 
ks = f(y, + ka2ki2+ haskz) 
(2.3) 
= f + h(a2 + a3)A + h2 
[ 
ala3Af, + 
(a2 + a3J2 
2 
B +O(h3) 
I 
(2.4) 
where 
A = I& (2.5) 
and 
B = f2& (2.6) 
Substituting (2.2) - (2.4) into (2.1) yields the expansion 
h2 
Yn+l = y, + hf + -(2al+ a2 + as)A 
h”3 
+ T[{2af + (a2 + a3)2}B + {-(2af + (a2 + a3)2) + 2ala2 + 4ala3}AfY] 
+ 0( h4) (2.7) 
Expanding y(z,+i) in a Taylor series through terms of order h3, considering f as a function 
of y only as pointed out earlier, we find 
y,+l = yn + hf + ;h2A + $h3(B + Af,) + O(h4). (2.8) 
Matching the coefficients of h2A, h3B and h3Afy in (2.7) and (2.8) yields the following 
equations of conditions 
2al + a2 + a3 = 2, (2.9) 
6a: + 3(a2 + as)* = 4, (2.10) 
al(a2 + 2a3) = t . 
Hence, we find 
2 2 4 
a1 = - , a2 = -- , a3 = -. 
3 3 3 
This leads to the modified formula 
kl = f(G, Yrl) 
h=f( tn + ;h, yn + ;hh 
> 
k3 = f (zn + ;h, yn - +I+ $2) 
(2.11) 
(2.12) 
and 
=Yn+h 
( 
klkz k&s 
Yn+l kl+k2+- 
k2 + k3 
(2.13) 
In a similar way we can derive a modified fourth order Runge-Kutta algorithm in the form 
(2.14) 
and an adjustment is necessary for the parameters ai, 1 5 i 2 6 to attain a fourth order 
accuracy. 
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3. NUMERICAL EXAMPLE 
Consider the initial value problem 
Y’ = -Y, Y(0) = 1, 
in 0 5 I 5 1, using stepsize h = 0.1. The following table shows the exact values, the values 
obtained by using GM method and the values obtained by using (GM)2/AM method. It is 
interesting to note that the new approach gives smaller errors than the GM rule. 
X Exact GM (GM)*/AM Errors For Errors For 
Value Method Method GM Method (GM)2/AM Rule 
0.1 0.9048375 0.9048347 0.9048363 2.8014183-06 1.1920933-06 
0.2 0.8187308 0.8187258 0.8187288 4.9471863-06 2.0265583-06 
0.3 0.7408182 0.7408115 0.7408155 6.6757203106 2.682209E-06 
0.4 0.6703201 0.6703120 0:6703168 8.0466273-06 3.278256E-06 
0.5 0.6065307 0.6065216 0.6065270 9.1195113-06 3.7550933-06 
0.6 0.5488116 0.5488018 0.5488076 9.8943713-06 4.053116E06 
0.7 0.4965853 0.4965749 0.4965810 1.0430813-05 4.261732E06 
0.8 0.4493290 0.4493182 0.4493246 1.0788443-05 4.410744E06 
0.9 0.4065696 0.4065587 0.4065652 1.093745E05 4.440546E06 
1.0 0.3678794 0.3678684 0.3678749 1.1026863-05 4.5001513-06 
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